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Abstract. The unique solvability of a generalized solution of one semi-periodic boundary value
problem for the three-dimensional Tricomi equation in an unbounded parallelepiped is studied in the
article by the methods of “ & —regularization” and a priori estimates using the Fourier transform.

Keywords: three-dimensional Tricomi equation, semi-periodic boundary value problem,
problem correctness, “ & —regularization” method, a priori estimates, Fourier transform.

1. Introduction and problem statement
A.V. Bitsadze showed in [1] that the Dirichlet problem is incorrect for an equation of mixed type
[1]. The question arises: is it possible to replace the conditions of the Dirichlet problem with other
conditions covering the entire boundary, which ensure the correctness of the problem? Such boundary
value problems (nonlocal boundary value problems) for an equation of mixed type were proposed and
studied for the first time by F.I. Frankl [2]. Problems for a mixed-type equation of the first kind in
bounded domains, close in formulation to the ones under study, were investigated in [3, 4].

In this paper, using the results given in [3-10], we study the unique solvability and smoothness
of the generalized solution to a semi-periodic boundary value problem in an unbounded domain.
In domain

G=(-1LD)x(0,T)xR=0xR={(x,t,z), xe(-1,1),0<t<T <+x,z € R},
we consider the Tricomi equations:
Lu=xuy —Au+a(x)u, +c(x,t)u= f(x,t,z), (1)
where Au =u_, +u_, is the Laplace operator.
Let all coefficients of equation (1) be sufficiently smooth functions in domain Q.

To solve the problems posed, we need to introduce definitions of several function spaces and
notation.
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+00
Let the Fourier transform be denoted by ﬁ(x,t,/i)z(Zﬁ)_l/z _[ u(x,t,z)e_i/lzdz, of
—0
function u(x,t,z), and the inverse  Fourier transform be  denoted by
+00
u(x,t,z)=(272')_l/2 J ﬁ(x,t,/i)emzdz. Now, using the Fourier transform, we define space
—oo

le’s(G) with norm

+00
2y 2 20 17 2
iy 1 = 2) [a+ap i (6, My ) 4
— (A)
where 5,/ — are any finite positive integers, and the norm in the Sobolev space le(Q), is

defined as follows

2 2
Htgqu(Q) = Z HDQQ‘ dxdt, o — isamulti-index, D% — is a generalized derivative with
CER,
respect to variables x and ¢ Obviously, space le’S(G) with norm (A) is a Banach space [6,11].

Semi-periodic boundary value problem.

The task is to find a generalized solution u(x,?,z) to equation (1) from space W§’3(G),

satisfying the following boundary conditions

Dful_y=Dfu|_g, @
u‘x:—l :“‘le =0 €)
P
for p=0,1, where D;Uu:a u’ D?uzu.
ot?

Furthermore, we assume that # (x,?,z) and u _(x,t,z) = 0 if ‘Z‘ —> oo, u(x,t,z)is

absolutely integrable over z on R for any (x,¢) in QO 4)

Definition 1. A generalized solution to problem (1)-(4) is function u(x,?,z) € W%’z(G) that

satisfies equation (1) almost everywhere in domain G, under conditions (2)-(4).
Theorem 1. (Main result). Let the following conditions be satisfied for the coefficients of

equation (1); 2a(x)+ ux>9, >0, puc(x,t)—c(x,t)=5,>0, for all (x,1) EQ where
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u—const>0, c(x,0)=c(x,T), forall x€[—L1]. Then forany function f € W12’3(G) such
that f'(x,0,z)= f(x,T,z), there exists a unique generalized solution to problem (1) - (4) from

space W%’3(G).

For the solution of problem (1) - (4) the following estimates are valid:

D e <al B,

1) H”H;szﬁ(G) S0 HinV;ﬁ(c)

in what follows, we denote positive, generally speaking, different constant non-zero numbers by

The unique solvability of problem (1) - (4) is proved using the Fourier transform.
Applying the Fourier transform for problem (1) - (4), we obtain the following problem in

domain € = (=L1D*(0,7)

Liv=xii, — i +a(xX)i, +(c(x,0)+ A= f (x,1, ), 5)
Dla|_,=Dl4|_.,p=0,1 (6)
i), =i =0, %)

where A € R =(—00,0),
+00
Jeot,2)=m) " [ f(xt2)eHdz

Fourier transform in variable z, of function f(x,?,Zz).

The unique solvability and smoothness of problem (5) - (7) was studied in [3, 4, 5, 6]. We will
briefly present these results.

2. Uniqueness of the solution to problem (5) - (7).

Theorem 2. Let the following conditions be satisfied for the coefficients of equation (5);
2a(x)—ux206,>0, uc(x,t)—c,(x,¢) =25, >0, where u—const>0, for all (x,t)eQ,
¢ (x,0)=c(x,T), forall x€[—1,1]. Then, if for any function ]} (x,t,4) € L,(Q) there exists a

generalized solution to problem (5) - (7) from space W22 (G), then it is unique.
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Proof. Let us prove the uniqueness of the solution to problem (5) - (7) using the energy integral

method. Let there exist a solution to problem (5) - (7) from W22 (Q). Consider the following identity

(Lt 240, + pid)y =( f,24, + i), )

where 1 = const > 0. By the conditions of Theorem 2, integrating identity (8) by parts, using

Cauchy's inequalities with o [12], it is easy to obtain the following necessary first estimate
2

1(0)

A

<qllf

i

)

2
W5(0)
Here, the uniqueness of the solution to problem (5) - (7) follows from VV22 (Q). Theorem 2 is

proved.

3. Third-order equation with a small parameter

The solvability of problem (5) - (7) is proved by the " & -regularization" method, namely, in
domain Q = (—1,1) x (0,7") we consider a family of third-order equations with a small parameter

L, =—¢ a;f;f +Lit, = f(x,t,A) (10)
and the following semi-periodic boundary conditions
D, tzozDﬁdg —r>4=0,1,2, (11)
u, 1 =1, — =0 (12)
0w

where & — is the small positive number, DZW = ,q=12; Dgw = w.
q

z
Below we use systems of third-order equations with a small parameter (10) asa" & -
regularizing" equation for the Tricomi equation (5) [4-10].

Let us define spaces of functions W (Q) = {u_|;u, € sz (0),u,,, € L,(Q)} satisfying the

corresponding conditions (11), (12) with finite norm
2

w
It is obvious, that space W (Q) with norm (B) is a Banach space [11,12].

A

u

oMy = ey + - (B)

Definition 2. A generalized solution to problem (10) - (12) is a function
{1, (x,t,A)} € W(Q) that satisfies equation (10) almost everywhere in domain Q) under conditions

(11), (12).
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Theorem 3. Let the following conditions be satisfied for the coefficients of equation (10);
besides let  2a(x)—ux=06,>0, pc(x,t)—c,(x,t)=0,>0, whereu—const>0, for all

(x,0) e Q c(x,0=c(x,7), forall xe[—1,1]. Then, for any function f(x,t, A) € L,(Q) such

that j} (x,0,4)= f (x,T,A) there exists a generalized solution to problem (10) - (11) from space

W (Q) and the following estimates hold
~ 112

fO

2

9

m el ) <q

A

f 1
Proof. The proof of Theorem 3 is realized in stages, using the Galerkin method, obtaining the
corresponding a priori estimates [6].

~ 2 ~ 112
V) g, + ], <

9

First, we prove [I])— the third estimate.
Consider the identity:

[ L, - d,, +pit)d xdi=] f (2, + pii,)d xdt. (13)
0 0
Integrating identity (13) by parts, taking into account the condition of Theorem 3, it is easy to
obtain I1I) — the third a priori estimate, similar to estimate (9), whence the uniqueness of the generalized
solution of problem (10) - (12) follows.
Now we prove V') — the fourth estimate.

To do this, consider the identity:

2[e L, - Pi dxdi=—2[e ™ f -Pi dxdt. (14)
0 Q

A oa n H A n
where Pug - (ugttt —HUgy Eugxx o /uugt)'

Integrating (14) by parts, taking into account the conditions of Theorem 3 and boundary

conditions (11), (12), we obtain the necessary fourth estimate:
~ 2

f | (15)

From the estimates proved, we obtain the unique solvability of problem (10) - (12) in space
W (Q). Theorem 3 is proved.

Let us proceed to the proof of the solvability of problem (5) - (7).
Theorem 4. Let all conditions of Theorems 2.3 be satisfied. Then a generalized solution to

problem (5) - (7) exists and is unique in sz (0).

A 2 ~ 112 <
EH Uense Ho + H”«9H2 =6




273

Proof. The uniqueness of the solution to problem (5) - (7) in space W22 (Q) was proved in
Theorem 2. Now we prove the existence of a solution to problem (5) - (7) in W (Q). To do this,
consider equation (10) and boundary conditions (11), (12) in domain Q for & > 0. Since all the

conditions of Theorem 3 are satisfied, there is a unique generalized solution to problem (10) - (12) in
W (Q), for £ >0, and the third and fourth estimates are valid for it. From this it follows, by the

known compactness theorem [12], that from the set of functions {12 o (X2, /1)} ,€>0, a weakly

convergent subsequence of functions can be extracted, such that { u g (X,1,4) } —>u(x,t,A) as

~

g —0 in W(Q). Letus show that the limit function #(x,#, 4) satisfies equation Lt = f* (equation

(5)) almost everywhere in Vsz (Q). Indeed, since subsequence {ft & (x,t,/l)} converges weakly in

W(Q), and subsequence {\/;112 ¢ (X, A)} is uniformly bounded in L,(Q) and operator Lis

linear, we have
A P A A 6312 El’ A A 5312 Ei
Lu— f=Lu—-Lu,+¢g Py =L(u—-u,)+¢ Py (16)

From equality (16), passing to the limit as &; — 0, we obtain a unique generalized solution to

problem (5)-(7) from the Sobolev space W22 (Q) [6, 13]. Thus, Theorem 4 is proved.

4. Existence of a solution to problem (1) - (4).
We now turn to the proof of Theorem 1, on the unique solvability of the generalized solution to
problem (1) - (4) from space W22’3 (G).
Proof of Theorem 1. In Theorem 2, the validity of estimate (9) is proved for the solution to

problem (5) - (7), that is, the following holds
2

1,(0)

A

f

U

2
wlig) =€

Multiplying inequality (8) by (27[)_1/2 (1+ ‘2‘2)3 and integrating over A from —00 to +00,
we obtain
2 i 2 2
_ ~1/2 3 e
||u||W21’3(G)_(2ﬂ) .[ (1+|ﬂ| )"l WZI(Q)d/qbg

+ o0 A2
<2r) Ve - J (1 + |/1|2)3 'HfHLZ(Q)d/1 =€ ”f”;/zoﬁ((;) (17)



274

which implies the fulfillment of the first a priori estimate of Theorem 1 and the uniqueness of

the generalized solution of problem (1) - (4) from W22’3 (G).

Using the condition of Theorems 3, 4 with the passage to the limit as & — 0 in the fourth
estimate, it is easy to obtain the following estimates for the solution to problem (1) - (4)

e N
<o |fll 4 (18)
5 (Q) 5(Q)
Multiplying inequality (18) by (272')_1/2 1+ ‘ﬂ,‘z )3 and integrating over A from —00 to +00,
we obtain
||u||W23 =) j 1+ 2] d 2 <

— 0

+ 0
<@z) e [ A+ A

— 0

2
WZI(Q)d;L = 2 ||f||W21’3(G) (19)

which implies the validity of the second estimate of Theorem 1 and the existence of a generalized

solution to problem (1) - (4) from space W22’3 (Q). Theorem 1 is proved.

5. Smoothness of the generalized solution to problem (1)-(3).
Now let us turn to the study of the smoothness of the generalized solution to problem (1)-(3) in

spaces W 5 m2, *(Q), where s,m — are finite integers such that

m=0, s=>3.

Below, for simplicity, we assume that the coefficients of equation (1) are sufficiently
differentiable functions in closed domain Q.

Theorem 5. Let all the conditions of Theorem 1 be satisfied, in addition, let

. +1,

Dic L:O =Dlc L:T. Then for any function f € W 5" *(Q), such that thf‘tzo ZD?fL:T
there exists (and, at that, the only one) generalized solution to problem (1)-(4) from space
w gHz’S(Q), where §,m — are any finite positive integers such that s >m +3, m=0,1,2,3,...

Proof. We note that in [3], for a mixed-type second-order equation of the first kind (5), the
smoothness of the generalized solution of the nonlocal boundary value problem (5) — (7) in Sobolev
spaces VVmJr **(Q) was studied and the corresponding estimates were proved
2

W2m+1(Q

A

f

il <c
W2m+2(Q) = “m+l1

) (m=0,1,2,3,4,...). (21)
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To prove D;_lu €L, (G), where s>m+3, m=0,1,2,3,..., and to apply the Sobolev

1/2

_ 2
embedding theorem, we need to multiply inequality (21) by (27) "~ -(1+ ‘ﬂ,‘ )* and integrate it

over A from —0 to +00 , then, we obtain
+00
2 — 2 ~ 112
||u||W2m+2’S(G) :(27[) 1z '_I (1+|/1| )s - ||U W2m+2(Q)dﬂ“ <
+ o0 12
Qe e [ AP 7] g, @4 = el yons 6y 22)

Hence we obtained the existence of a unique generalized solution to problem (1)-(4) from space

WgHz’S(G). Theorem 35 is proved.
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