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Introduction 
Since the 70-80 years of the XX century, the study of various boundary value problems for third-and 
high-order equations of parabolic-hyperbolic type has been started. Such problems were mainly 
studied by T. D. Juraevand his students (for example, see [1], [2]). 
At present, the study of boundary value problems for third-and high-order equations is being developed 
broadlum the plan (for example, see [3] - [7] and others).  

 
Problem statement 

 In the domain G  of the plane xOy , consider the equation 
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 21321 JJGGGG  , 1G  is a 

polygonwith vertices at points  0,0A ,  0,1B ,  1,10B ,  1,00A ; 2G  is a triangle with vertices 

at points  0,0A ,  0,1B ,  1,0 C ; 3G  is a rectangle with vertices at points  0,0A ,  1,00A ,

 1,10 D ,  0,1D ; 1J  is an open segment with vertices at points  0,0A and  0,1B ; 2J  is 

an open segment with vertices at points  0,0A and  1,00A , i.e. G  is a concave hexagonal region 

with vertices at points  0,0A ,  1,0 C ,  0,1B ,  1,10B ,  1,10 D ,  0,1D . 
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 Area 2G  Use a line segment to divide the area AE  into two parts. Then this area can be 

written as: AEGGG  22212 , where 21G  is a triangle with vertices at points  0,0A ,  0,1B

,  21,21 E ; 22G  is a triangle with vertices at points  0,0A ,  1,0 C ,  21,21 E ; AE  

is an open segment with vertices at points  0,0A and  21,21 E . 

 Now we proceed to the formulation of the following boundary value problem for equation 
(1): 

 A task cM11 .  Find a function  yxu , , that: 1) is continuous in a closed domain G ; 2) in 

each of the domains  3,2,1iGi  satisfies equation (1), and the derivatives xu , yu , xxu  and yyu  are 

continuous up to the part of the boundary specified in the boundary conditions; 3) satisfies the 
following boundary conditions: 

    10,,1 1  yyyu  ,                                           (2) 

     10,,1 2  yyyu  ,                                          (3) 

     10,,1 3  yyyu x  ,                                          (4)     01,,0 4  yyyu  ,                                    

(5) 

    01,,0 5  yyyu x  ,                                          (6) 

    01,,0 6  yyyu xx  ,                                           (7) 

                01,0, 1  xxfxu ,                                               (8) 

                01,0, 2  xxfxu y ,                                             (9) 

                01,0, 3  xxfxu yy                                            (10) 

and 4) satisfies continuous gluing conditions on lines of type change: 

       10,0,0, 1  xxxuxu  ,                                    (11) 

      10,0,0, 1  xxxuxu yy  ,                                    (12) 

      10,0,0, 1  xxxuxu yyyy  ,                                   (13) 

      10,,0,0 2  yyyuyu  ,                                    (14) 

      10,,0,0 2  yyyuyu xx  ,                                   (15) 

       10,,0,0 2  yyyuyu xxxx  ,                                  (16)  

where  6,1ii ,  3,2,1kfk   are given sufficiently smooth functions,  2,1,, kkkk    

are unknown yet sufficiently smooth functions, and the matching conditions    00 21   ,

   00 21   ,    00 21   are satisfied . 

 Let us formulate the following theoremy: 

 The theorem. If  1,0, 3
21 C ,  1,02

3 C ,  0,13
4 C ,  0,12

5 C ,

 0,11
6 C ,  0,13

1 Cf ,  0,12
2 Cf ,  0,11

3 Cf , and the matching conditions 

   01 21 f are met ,    01 31 f ,        0000 2141  f ,    01 22 f , 
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       0000 2151  f ,        0000 2142  f ,    00 43  f ,    00 61 f ,

   01 23  f , then the problem cM11  starts with a unique solution. 

 Proof. To provethe theorem, by introducing the notation vLu  , we rewrite equation (1) in 

the form 0







cv
y

v

x

v
. The general solution of the last equation has the form   cyeyxv   . 

Then we get  

  cy
ii eyxLu   , 

where the notation is introduced  

            3,2,1,,,,,  iDyxyxyxyxuyxu iii                     (17) 

The last equation can be written as 

   cy
yxx eyxuu  111  ,                                          (18) 

    3,2  ieyxuu cy
iiyyixx  ,                                    (19) 

where    3,2,1 iyxi   the unknown functions are still sufficiently smooth functions. 

 If (19)  2i  we introduce the notation, in equation (19)    yxuyxu k ,, 22  , 

   yxyx k  22       2, 1,2kx y D k  , then equation (19)  2i  takes the form 

    2,1222   keyxuu cy
kkyykxx  .                               (20) 

 First cM11  , we will investigate this problem in the following areas 2G : If we take into 

account the form of the domain 2G , then passing in equation (20) ( 2k ) to the limit for by 0x  

virtue of (5) and (7), we find: 

       cyeyyy 4622   . 

Here, changing y  na yx  , we get  

        xycexyxyyx  4622  . 

 Now we write down the solution of equation (20) ( 1k ), that satisfies conditions (11), 
(12): 

         1 1
21 1 21

0

1 1
,

2 2 2

x y y x y
c

x y x y

x y x y
u x y t dt e d d






 
     

  


  

  
      .      (21) 

Differentiation dierentiating (21) with respect to x and y , we obtain: 

         1 1
21 1 1

1
,

2 2x

x y x y
u x y x y x y

 
 

   
         

   21 21

0

1
2

2

y
cx y x y e d          ,                             (22) 

         1 1
21 1 1

1
,

2 2y

x y x y
u x y x y x y
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   21 21

0

1
2

2

y
cx y x y e d          .                         (23) 

As above, we write down the solution of equation (20) ( 2k )that satisfies conditions (5) and (6): 

         4 4
22 5 21

0

1 1
,

2 2 2

y x y xx
c

y x y x

y x y x
u x y t dt d e d






 
     

  


  

  
      .   (24) 

Differentiation dierentiating (2-4) with respect to x and y , we obtain 

         4 4
22 3 3

1
,

2 2x

y x y x
u x y y x y x

 
 

   
         

       
22 22

0

1
2

2

x
c y x c y xx y e x y e d                ,                     (25) 

         4 4
22 3 3

1
,

2 2y

y x y x
u x y y x y x

 
 

   
         

       
22 22

0

1
2

2

x
c y x c y xx y e x y e d                .                  (26) 

 Now substituting (22), (23), (25) and (26) in the condition  

xyxy
y

u

x

u

y

u

x

u






























 22222121 ,  

we get the equality 

             1 1 21 4 3 22

0 0

0 0 2 exp 0 0 2 , 0 1 2
x x

cc d e d x          


           . 

In order toifferentsiderive this equality, we find 

   21 222 2 , 0 1 2cx cxx e x e x     

Reducing the last equality by cxe  and changing 2x to x y , we have 

   21 22 , 0 1x y x y x y       . 

 Now substituting (21) and (24) into the condition    xxuxxu  ,, 2221 , we arrive at the 

equation 

         
0

1 1
1 21 1

2 0 2

0 2 1 1
, 0 1 2

2 2 2

x
c

x x

x
t dt e d d x x






 
      







        , 

where 

         
0

4 4
1 5 21

2 0 2

0 2 1 1

2 2 2

x
c

x x

x
x t dt d e d






 
      




 

 
       –  

a known function. 
 Deriving thelastequation, we obtain 



200 
 
 

 
 
 

       1 1 1 21

0

2 2 2 , 0 1 2
x

cx x x x e d x    


      . 

Here, changing 2x to x , we get the first relation between  1 x and  1 x : 

     1 1 1 , 0 1x x x x       ,                                   (27) 

where    
2

1 1 21

02

x

cx
x x e d   



   
   . 

 Now we rewrite equation (1) as 

0111111  yyyxyxxxxyxxx cuuucuuu . 

In this equation and in equation (20) ( 1k ) , passing to the limit at 0y  and taking into account 

the conditions (11), (12), (13), we get the equations 
                                                    0111111  xcxxxxx  , 

     xxx 2111   . 

By excluding from these equations and from equation (2-7) the functions  x1 and  x1 , we arrive 

at the equation 

              xxcxxx
c

x
c

x 21111111 2

1

2

1

2

1

22
1  






  .  

Integrating this equation from 0 to x , we have 

                        12111 22
1 kxx

c
x

c
x 






   ,                             (28) 

where 

           
x

dtttcxxx
0

211112 2

1

2

1

2

1  – 

known function, 1k  – a constant that is not yet known. 

 When solving equation (2-8), there can be three cases:: 1) 2c , 0c ; 2) 2c ; 3) 
0c .  

 Consider the case 1) ( 2c , 0c ). In this case, the characteristic equation of equation 

(28) has two different real roots: 11  ,
22

c
 . We solve equation (28) under the conditions 

   00 11 f ,    00 11 f  ,    00 11 f  .                           (29) 

 First, we write down the general solution of the homogeneous equation corresponding to 
equation (2-8): 

  x
c

x eCeCx 2
2110


 . 

 To find the general solution of equation (28), we use the method of variation of arbitrary 
constants, i.e. , we look for the general solution of equation (28) in the form 
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      x
c

x exCexCx 2
211


 .                                       (30) 

 Differentiation let's differentiate (30): 

          x
c

x
x

c
x exC

c
exCexCexCx 2

21
2

211 2


 . 

 Functions  xC1  и  xC2  We select the functions and so, that the equality is fulfilled  

    02
21 

 x
c

x exCexC .                                         (31) 

Now we find  x1  : 

          x
c

x
x

c
x exC

c
exCexC

c
exCx 2

2

2

1
2

211 42


 . 

 Functions  xC1  и  xC2  We select the functions and so, that the equality is fulfilled  

      12
2

21 2
kxexC

c
exC

x
c

x 


 .                                  (32) 

 Now solving the system (31) and (32), we find  xC1  va  xC2   

     xekx
c

xC 


 121 2

2  ,       x
c

ekx
c

xC 2
122 2

2



  . 

 Integrating these equalities from 0 to x , we find 

      2
1

0

21 1
2

2

2

2
ke

c

k
dtte

c
xC x

x
t 





   , 

    3
21

0

2
2

2 1
22

2

2

2
ke

c

c

k
dtte

c
xC

x
cx

t
c















   , 

where 2k , 3k are  currently unknown constants. 

 Substituting the values of the functions  xC1  and  xC2  in (30), we find 

      










 


x

xt
c

tx dttee
c

x
0

2
2

1 2

2   

x
c

x
x

c
x ekeke

c
e

c

k
2

32
21 1

2
1

2

2 
























 .                            (33) 

Differentiating (33) twice sequentially, we obtain 

      










 


x

xt
c

tx dtte
c

e
c

x
0

2
2

1 22

2   

x
c

xx
x

c

ek
c

ekee
c

k
2

32
21

22

2 












 ,                                (34) 
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x
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c

tx dtte
c

e
c

xx
0

2
2

21 22

2   

x
c

xx
x

c

ek
c

ekee
c

c

k
2

3

2

2
21

422

2 












 .                              (35) 

 Now substituting (33), (34) and (35) into conditions (29), respectively, we find 

    00
2

2
113 ff

c
k 


 ,    0

2

2
0

2 112 f
c

f
c

c
k 





 , 

    







 3

2

2211 4
00 k

c
kfk  . 

 Now consider case 2) ( 2c ). In this case, equation (2-8) takes the form 

        12111 2 kxxxx   .                                   (36) 

The characteristic equation of this equation has one two-fold root 1 . In this case, the general 
solution of the homogeneous equation corresponding to equation (36) has the form 

    xexCCx 2110  . 

Then, as above, we will look for the general solution of equation (36) in the form 

       xexxCxCx 211  .                                        (37) 

We differentiate (37): 

              xx exCxxCexCxxCx 21211 1 . 

 Functions  xC1  и  xC2  We select the functions and so, that the equality is fulfilled 

    021  xCxxC .                                            (38)                     

Now we find  x1  : 

                xx exCxxCexCxxCx 21211 21  . 

 Functions  xC1  и  xC2  We select the functions and so, that the equality is fulfilled  

         1221 1 kxexCxxC x   .                                (39) 

 From (38) and (39) we find  xC1  and  xC2 : 

     xekxxxC  121  ,       xekxxC  122  . 

 Integrating these equalities from 0 to x , we find: 

      21

0

21 1 kexekdtttexC xx
x

t    , 

      31

0

22 1 kekdttexC x
x

t    . 

 Substituting these values in (37), we obtain 
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          xxx
x

tx exkkexekdttetxx 321

0

21 1     .                   (40) 

 Differentiating (40) twice consecutively, we find 

          xxx
x

tx
x

tx exkekxekdttetxdttex 1321

0

2

0

21     ,             (41) 

              xxx
x

tx
x

tx exkekexkdttetxdttexx 212 321

0

2

0

221     .       (42) 

 Now substituting (40), (41), and (442) into conditions (29), respectively, we find  

 0
2

2
12 f

c
k


 ,     00 113 ffk  ,      32211 200 kkfk   . 

 Finally, consider case 3) ( 0c ). In this case, equation (2-8) takes the form 

      1211 kxxx   .                                        (43) 

The characteristic equation of this equation has two distinct real roots 01  , 12  . Integrating 

(43) from 0 to x , we obtain  

      21311 kxkxxx   ,                                     (44) 

where    
x

dttx
0

23  , 2k is  an unknown constant.  

 The general solution of equation (44) has the form 

        xxx
x

tx ekekxekdttex 321

0

31 11     .                       (45) 

 Differentiating (45) twice consecutively, we find 

        xxx
x

tx ekekekdttexx 321

0

331 1     ,                       (46) 

        xxx
x

tx ekekekdttexxx 321

0

3321     .                      (47) 

 Now substituting (45), (46) and (47) into conditions (29), respectively, we find  

 012 fk  ,     00 113 ffk  ,       000 2111  ffk . 

Thus, the function  x1  is found, and therefore the functions–  x1 ,  x1 ,  yxu ,21  are defined, 

and thus the function  yxu ,2 is defined. 

 Now go to the area 3G . Passing in equation (19) ( 3i ) to the limit at 0y  and in the 

resulting equation changing x  to yx  , we find 

      01,3132  yxyxfyxfyx . 

 Now consider the following auxiliary task: 
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.10,,0,,1,,1

,12,0,,0,

,

233323

2313

333

yyyuyyuyyu

xxFxuxFxu

eyxuu

x

y

cy
yyxx



           (48) 

 We will look for a solution to this problem that satisfies all conditions except the condition 

   yyu x 33 ,1  , will be in the form 

       yxuyxuyxuyxu ,,,, 3332313  ,                           (49) 

where   yxu ,31 is the solution to the problem  

     
       














10,,0,,1

,12,00,,0,

,0

231231

31131

3131

yyyuyyu

xxuxFxu

uu

y

yyxx



                       (50) 

 yxu ,32  реproblem solving 

     
   














10,0,0,0,1

,12,0,,00,

,0

3232

23232

3232

yyuyu

xxFxuxu

uu

y

yyxx

                         (51) 

 yxu ,33 problem solving 

 
   
   












 

.10,0,0,0,1

,12,00,,00,

,

3333

3333

33333

yyuyu

xxuxu

eyxuu

y

cy
yyxx

                            (52) 

 Here, the functions  xF1 ,  xF2  and  yx 3  are defined as follows: in the interval

01  x , the functions  xF1 and  xF2  are known:    xfxF 11  ,    xfxF 22  , and in the 

intervals 12  x and 10  x oare not yet known; and the function  yx 3  is defined 

asfollows: in the interval 01  yx  , it is known:    yxyx  33  , and in the intervals 

12  yx  and 10  yx  ona is still unknown. 

The solution of problem (50)satisfying the first two conditions has the form 

      yxFyxFyxu  1131 2

1
, .                                 (53) 

 Substituting (53) into the third condition of problem (50), we find 

      10,121 121  yyfyyF  . 

Here m y1  y na x , we get 

      12,212 121  xxfxxF  . 

Substituting (53) into the fourth condition of problem (50), we find 

      10,2 121  yyfyyF  . 

So, we have 
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.10,2

,01,

12,212

12

1

12

1

xxfx

xxf

xxfx

xF




 

The solution of problem (51)satisfying the first two conditions has the form 

   





yx

yx

dttFyxu 232 2

1
, .                                         (54) 

Substituting (54) into the third condition of problem (51), we find 

    10,11 22  yyfyF . 

Here, changing y1  and x , we get 

    12,222  xxfxF . 

Now substituting (54) into the fourth condition of problem (51), we have 

    10,22  yyfyF . 

Means 

 
 

 
 














.10,

,01,

12,2

2

2

2

2

xxf

xxf

xxf

xF  

 The solution of problem (52)that satisfies the first two conditions has the form 

    




 
y yx

yx

c ddeyxu
0

333 2

1
,





  .                             (55) 

 Substituting (55) into the third condition of problem (52), we obtain 

     
y

c
y

c deydye
0

3

0

3 121   .                        (56) 

 Now substituting (55) into the fourth condition of problem (52), we have 

     
y

c
y

c deydye
0

32

0

3 2   .                            (57) 

 If we replace the integral on the left side of equality (57), we make a replacement zy  2
, then it takes the form 

      






y
c

y

y

zy
c

deydzze
0

323
2 2   . 

Differentiation deriving this equality and taking into account the same equality, we find 

        yedeycyy cy
y

c   32

0

32323 32    

 Now substituting (53), (54) and (55) into (49), we obtain 
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y yx

yx

c
yx

yx

ddedttFyxFyxFyxu
0

32113 2

1

2

1

2

1
,





  .     (58) 

Differentiation (58) by x , we find  

            yxFyxFyxFyxFyxu x 22113 2

1

2

1
,  

      
y

c dyxyxe
0

33 2
2

1  .                           (59) 

 Assuming in (59) 1x and taking into account the condition    yyu x 33 ,1   after some 

calculations, we find 

             111
2

1 3232213 yeeyyyfyf
c

y cycy   

        yyyfyfecy 3221 112    

 Assuming in (59) 0x  and taking into account the condition    yyu x 23 ,0   after some 

transformations, we obtain 

      10,122  yyyy  ,                                  (60) 

where  

        
y

c deyyfyfy
0

32211   . 

 Finally, go to the area 1G . Passing in equations (18) and (19) ( 3i ) to the limit at 0x , 

we obtain the relations 

      cyeyyy  1122  ,        cyeyyy  3222  , 

where the notation is entered    
 








.10,

,01,

12

11
1 yxyx

yxyx
yx




   

Andtaking a function from these relations  y2 , we find 

         cyeyyyy 223211   .                              

Here, changing y  na yx  , we get 

          xycexyxyyxyx  223211  .                          (61) 

 Passing in equation (18) to the limit at 0y , we find 

      10,1112  xxxx  . 

 Now we write down the solution of equation (18)that satisfies the conditions (2), (11), (14): 

             
1

1 2 1 1

0 0 0

, , ;0, , ;1, , ; ,0
y y

u x y G x y d G x y d G x y d                   



207 
 
 

 
 
 

       
1

11 12

0 0 0

, ; , , ; ,
y y

c ce d G x y d e d G x y d


 



                     .       (62) 

Differentiating (62) by x , after some calculations, we obtain 

             
1

1 2 1 1

0 0 0

, , ; 0, , ;1, , ; , 0
y y

xu x y N x y d N x y d N x y d                     

       
1

11 12

0 0 0

, ; , , ; ,
y y

c ce d N x y d e d N x y d


 
 



                     .      (63) 

Assuming in (63) 0x , we have 

             
1

2 2 1 1

0 0 0

0, ; 0, 0 ;1, 0, ; , 0
y y

y N y d N y d N y d                      

       
1

11 12

0 0 0

0, ; , 0 ; ,
y y

c ce d N y d e d N y d


 
 



                     .       (64) 

Substituting (60) and (61) in (64) ga kyyib, after long calculations and transformations, we arrive at 
the  Volterr integral equation  of the second 

kind of relative  y2  : 

       ygdyKy
y

 
0

22 ,  , 

where  ,yK and  yg are known functions, and  ,yK  has a weak singularity (with degree 21

), and  yg is continuous. Therefore, this equation admits a unique solution in the class of 

continuous functions. Solving it, we find  y2  , and thus define the functions  y2 ,  2 y , 

 yx 11 ,  3 ,u x y ,  1 ,u x y . 
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